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ANALYSIS ON SOME LINEAR SETS
by Robert KAUFMAN
0.
Let F be a compact subset of (-oo, oo) and for each integer N ^ 1 let VN = v(N; F) be the number of intervals [/cN- Does there exist a small set F with the property that both F and (say) F^ = {x 2 : xe F} are Mo-sets? The construction of these sets doesn't seem accessible by the method of Rudin and Salem [4] , nor by the Brownian motion [3] . In this note an affirmative answer is given to a more general problem. 
1.
In the proof of Theorem 1 we require two arrays of independent random variables (Y/^) and (i;/c,m) defined on a space 
CT==1
A sequence of random measures X^ is now determined as follows : for any function g on (-oo, oo)
Thus in every instance 5^ ^ 0 and ||Xj > /c~2; moreover |]XJ == 1 + 0(/c--2 ) almost surely. Because Se-^1 0^ < oo the convolution X === TC * \^ converges, and F is defined to be its closed support. F is contained in at most
intervals of length e~k lo6tk . Because {k + 1) log 2 {k + l)//c log 2 k ~> 1, this is sufficient to obtain LEMMA 2. -F is almost surely a small set. For each integer U > 1 we can choose a subset S(N, U) of R^^ so that every point in ¥^ has distance < U"^ from some point in S(N, U), while card S(N, U) ^ ^(NU^; F).
Beginning with an inequality
we conclude first that jy, -yy| > 73 for some fixed Y} > 0. Let (^i, . . ., z^) be the member of S(N, U) associated to Proof of Theorem 2. -Here we use the fact that F and y depend on independent c-fields. F is almost surely small, whence each An<p(F) is almost surely metrically independent, by Theorem 3. By Theorem 1, each A,y(F) is almost surely an Mo-set and Theorem 2 is proved. 
3.

Proof of Theorems
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We observe next that to each e > 0 there is a constant e) so that for all Borel sets S B(^ X(S) dP ^ e + B(e)m(S).
Thus to each e > 0 we can choose functions ^ by Marcinkiewicz 9 theorem, so that PW^ ^y(^) ^ ^n9(^) for some n) > e} < s.
In proving this implication it must be observed that <p and X are stochastically independent and 9' > 1. Writing G for the inner set in the last inequality, we know that /^<p(G n F) == g^(p(G' n F) is almost surely metrically independent and that A,9(G'n F) is almost surely an Mo-set, if only X(G'nF) > 0$ and this holds for ||X|| > c excepting an event of probability < e. Thus Theorems la and 2a are derived from Theorems 1 and 2.
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